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In this paper a generalization of Weyl quantization which maps a dynamical operator in a
function space to a dynamical superoperator in an operator space is suggested. Quantization
of dynamical operator, which cannot be represented as Poisson bracket with some function, is
considered. The usual Weyl quantization of observables can be derived as a specific case of
suggested quantization if dynamical operator is an operator of multiplication on a function.
This approach allows to define consistent Weyl quantization of non-Hamiltonian and dissipative
systems. Examples of the harmonic oscillator with friction and a system which evolves by
Fokker-Planck-type equation are considered.
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1 Introduction
Canonical quantization of classical observables and states defines a map of real functions
into self-adjoint operators [1]. A classical observable is described by some real function
A(q, p) from a functional space M. Quantization of this function leads to self-adjoint
operator Aˆ(qˆ, pˆ) from some operator space Mˆ. It is known that states can be considered
as a special observable. Classical state can be described by non-negative-normed real
function ρ(q, p) called density distribution function. Quantization of a function ρ(q, p)
leads to non-negative self-adjoint operator ρˆ(qˆ, pˆ) of trace class called matrix density
operator.
Time evolution of an observable At(q, p) and a state ρt(q, p) in classical mechanics are
described by differential equations on a function space M:
d
dt
At(q, p) = LtAt(q, p) ,
d
dt
ρt(q, p) = Λtρt(q, p) .
The operators Lt and Λt act on the elements of function space M. These operators are
infinitesimal generators of dynamical semigroups and are called dynamical operators. The
first equation describes evolution of an observable in the Hamilton picture, and the second
equation describes evolution of a state in the Liouville picture.
Dynamics of an observable and state in quantum mechanics are described by differen-
tial equations on an operator space Mˆ:
d
dt
Aˆt(qˆ, pˆ) = LˆtAˆt(qˆ, pˆ) ,
d
dt
ρˆt = Λˆtρˆt .
Here Lˆt and Λˆt are superoperators (operators act on operators). These superoperators
are infinitesimal generators of quantum dynamical semigroups [2, 3, 4]. The first equation
describes dynamics in Heisenberg picture, and the second - in Schroedinger picture.
It is easy to see that quantization of the dynamical operators Lt and Λt must lead to
dynamical superoperators Lˆt and Λˆt. Therefore, generalization of canonical quantization
for general classical non-Hamiltonian systems must map operators into superoperators.
Usually the quantization is applied to classical systems with the dynamical operator
LA(q, p) = {A(q, p), H(q, p)}. Here the function H(q, p) is an observable which character-
izes dynamics and the function H(q, p) is called the Hamilton function. Quantization of a
dynamical operator which can be represented as Poisson bracket with the Hamilton func-
tion is defined by usual canonical quantization. Canonical quantization of real functions
A(q, p) and H(q, p) leads to self-adjoint operators Aˆ(qˆ, pˆ) and Hˆ(qˆ, pˆ). Quantization of the
Poisson bracket {A(q, p), H(q, p)} usually defines as commutator (i/h¯)[Hˆ(qˆ, pˆ), Aˆ(qˆ, pˆ)].
Therefore quantization of these dynamical operators can be uniquely defined by usual
canonical quantization.
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Quantization of classical non-Hamiltonian systems is not defined by usual canonical
quantization. It is necessary to consider some generalization of canonical quantization.
These generalized procedure must define a map of operator into superoperator.
In this paper a Weyl quantization of classical non-Hamiltonian systems is considered.
The generalized Weyl quantization, which maps a (linear differential, pseudodifferential)
operator on a function space into a superoperator on an operator space, is suggested. An
analysis of generalized quantization is performed for operator which cannot be represented
as the Poisson bracket with some function.
2 Weyl Quantization
In this section the usual method of quantization is considered [1, 5, 6]. To simplify
formulas let xk, where k = 1, ..., 2n, denote usual coordinates qj and momentums pj by
x2j−1 = qj and x2j = pj , where j = 1, ..., n. The basis of the spaceM of square-integrable
functions A(x) is defined by functions
W (a, x) = exp iax , ax =
2n∑
k=1
akx
k . (1)
Quantization transforms xk to operators xˆk. Weyl quantization of the basis functions (1)
leads to the Weyl operators
Wˆ (a, xˆ) = exp iaxˆ , axˆ =
2n∑
k=1
akxˆ
k . (2)
The Weyl operators form a basis [6, 7] of the operator space Mˆ. Classical observable,
characterized by the function A(x), can be represented in the form
A(x) =
1
(2pi)n
∫
A˜(a)W (a, x)da , da = da1...da2n , (3)
where A˜(a) is the Fourier image of the function A(x). Quantum observable Aˆ(xˆ) which
corresponds to A(x) can be defined by formula
Aˆ(xˆ) =
1
(2pi)n
∫
A˜(a)Wˆ (a, xˆ)da , da = da1...da2n . (4)
This formula can be considered as an operator expansion for Aˆ(xˆ) in the operator basis
(2). The direct and inverse Fourier transformations allow to write the formula for the
operator Aˆ(xˆ) as
Aˆ(xˆ) =
1
(2pi)2n
∫
A(x)Wˆ (a, xˆ− xIˆ)dadx . (5)
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The function A(x) is called the Weyl symbol of the operator Aˆ(xˆ). Quantization defined by
(5) is called the Weyl quantization. Another basis operator leads to different quantization
scheme [7, 5, 6].
Lie algebra, Jordan algebra and C∗-algebra are usually considered on the spaces M
and Mˆ.
Lie algebra L(M) on the set M is defined by Poisson brackets
gLie(A,B) ≡ {A(x), B(x)} = Ψ
km∂A(x)
∂xk
∂B(x)
∂xm
, (6)
where Ψkm is a matrix which is inverse of matrix ωkm, that is ωkmΨ
mk′ = δk
′
k . All elements
of the matrix ωkm are equal to zero, besides elements ω2j−1 2j = 1 and ω2j 2j−1 = −1,
where j = 1, ..., n. Quantization of the Poisson bracket (6) usually defines as commutator
gˆLie(Aˆ, Bˆ) ≡
1
ih¯
[Aˆ(xˆ), Bˆ(xˆ)] =
1
ih¯
(
Aˆ(xˆ)Bˆ(xˆ)− Bˆ(xˆ)Aˆ(xˆ)
)
, (7)
The commutator defines Lie algebra Lˆ(Mˆ) on the set Mˆ. Leibnitz rule is satisfied for the
Poisson brackets. As a result, the Poisson brackets are defined by basis Poisson brackets
for xk:
{xk, xm} = Ψkm .
Quantization of these relations leads to the canonical commutation relations
[xˆk, xˆm] = ih¯ΨkmIˆ . (8)
These relations can be written for operators xˆ2j−1 = qˆj and xˆ2j = pˆj, in the form
[qˆj , qˆj
′
] = 0 , [pˆj, pˆj
′
] = 0 , [qˆj, pˆj
′
] = ih¯δjj′ Iˆ . (9)
These relations define (2n+ 1)-parametric Lie algebra Lˆ(Mˆ), called Heisenberg algebra.
Jordan algebra J(M) for the set M is defined by the following multiplication
gJord(A,B) = A(x) ◦B(x) = A(x)B(x) .
This multiplication coincides with the usual associative multiplication of functions. Weyl
quantization of the Jordan algebra J(M) leads to the special operator Jordan algebra
Jˆ(Mˆ) with multiplication
gˆJord(Aˆ, Bˆ) = [Aˆ, Bˆ]+ = Aˆ ◦ Bˆ =
1
4
[(Aˆ + Bˆ)2 − (Aˆ− Bˆ)2] .
Jordan algebra for classical observables is associative algebra, that is all associators are
equal to zero
(A ◦B) ◦ C − A ◦ (B ◦ C) = 0 .
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In general case Jordan algebra associator for quantum observables is not equal to zero
(Aˆ ◦ Bˆ) ◦ Cˆ − Aˆ ◦ (Bˆ ◦ Cˆ) =
h¯2
4
gˆLie(Bˆ, gˆLie(Aˆ, Cˆ)) .
The commutation relation (8) for the operators xk leads to the 2n-parametric Weyl
algebra of the operators Wˆ (a, xˆ):
Wˆ (a, xˆ)Wˆ (b, xˆ) = Wˆ (a+ b, xˆ)exp{−
ih¯
2
akΨ
kmbm} , (10)
Wˆ ∗(a, xˆ) = Wˆ (−a, xˆ) , Wˆ ∗(a, xˆ)Wˆ (a, xˆ) = Iˆ . (11)
The Weyl algebra is involute normed algebra. The involution corresponds to conjugation
(11). The operator norm defines the norm of Weyl algebra.
3 Quantization of Hamiltonian Dynamical Operator
Let us consider quantization of a classical dynamical operator defined by Hamilton func-
tion. Usually the quantization procedure is applied to classical systems with dynamical
operator
L = −{H(x), . } = −Ψkm∂kH(x)∂m , (12)
where ∂k = ∂/∂x
k . Here H(x) is an observable which defines dynamics of a classical
system. The observable H(x) is called the Hamilton function. Then
LA(x) = {A(x), H(x)} .
If the dynamical operator has this form, then classical system is called Hamiltonian sys-
tem.
Weyl quantization (5) of the functions A(x) and H(x) lead to operators Aˆ(xˆ) and
Hˆ(xˆ). Quantization of Poisson bracket {A(x), H(x)} usually defines as the commutator
(i/h¯)[Hˆ(xˆ), Aˆ(xˆ)]. Therefore quantization of dynamical operator (12) leads to superoper-
ator
Lˆ =
i
h¯
[Hˆ(xˆ), . ] =
i
h¯
(Hˆ l(xˆ)− Hˆr(xˆ)) (13)
Here Hˆ l(xˆ) and Hˆr(xˆ) are left and right superoperators which correspond to Hamilton
operator Hˆ(xˆ). These superoperators are defined by formulas [5, 6]:
Hˆ lAˆ = HˆAˆ , HˆrAˆ = AˆHˆ .
Then
LˆAˆ(xˆ) =
i
h¯
[Hˆ(xˆ), Aˆ(xˆ)] =
i
h¯
(Hˆ(xˆ)Aˆ(xˆ)− Aˆ(xˆ)Hˆ(xˆ)) . (14)
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Quantization of dynamical operator, which can be represented as Poisson bracket with
a function, can be defined by usual quantization. Therefore quantization of Hamiltonian
systems is completely defined by the usual method of quantization.
4 General Dynamical Operator
Let us consider the time evolution of classical observable At(x), described by the general
differential equation
d
dt
At(x) = L(x, ∂x)At(x) .
Here L(x, ∂x) is an operator on the function space M, and ∂x is a partial derivative
with respect to x. Let us consider operator which cannot be expressed in the form
L(x, ∂x)A(x) = {A(x), H(x)} with a function H(x). We would like to generalize the quan-
tization procedure from the dynamical operators (12) to general operators L = L(x, ∂x).
Let us define the basis operators which generate the dynamical operator L(x, ∂x). For
simplicity, we assume that operator L is a bounded operator. Operator Qk is an operator
of multiplication on xk and operator P k is self-adjoint differential operator with respect
to xk, that is −i∂/∂xk . These basis operators obey the conditions:
1. Qk1 = xk; P k1 = 0.
2.(Qk)∗ = Qk; (P k)∗ = P k.
3. QkA(x) = QkA(x); P kA(x) = −P kA(x).
4. [Qk, Pm] = iδkm; [Q
k, Qm] = 0; [P k, Pm] = 0; [1, Qm] = 0; [1, Pm] = 0.
Conjugation operation ∗ is defined with respect to scalar product
< A(x)|B(x) >=
∫
A(x)B(x)dx .
Commutation relations for the operators P k andQk define (4n+1)-parametric Lie algebra.
These relations are analogous to canonical commutation relations (9) for qˆj and pˆj with
double numbers of degrees of freedom.
Operators Qk and P k allow to introduce operator basis
V (a, b, Q, P ) = exp{i(aQ + bP )} , (15)
for the linear space A(M) of dynamical operators. The basis operators V (a, b, Q, P ) are
analogous to the Weyl operators basis (2). Note that basis functions (1) can be derived
from the operators (15) by the formula W (a, x) = V (a, 0, Q, P )1.
The commutation relation for the operators Qk and P k leads to the analog of the Weyl
algebra:
V (a1, b1, Q, P )V (a2, b2, Q, P ) = V (a1 + a2, b1 + b2, Q, P )exp{−
i
2
[a1b2 − a2b1]} , (16)
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V ∗(a, b, Q, P ) = V (−a,−b, Q, P ) , V ∗(a, b, Q, P )V (a, b, Q, P ) = 1 . (17)
This Weyl algebra is involute normed algebra. The involution corresponds to conjugation
(17). An operator norm defines the norm of Weyl algebra.
The algebra A(M) of bounded dynamical operators can be defined as C∗-algebra. It
contains all operators V (a, b, Q, P ) and is closed for linear combinations of V (a, b, Q, P )
in operator norm topology. A dynamical operator can be written as an operator function
in the symmetric form
L(Q,P ) =
1
(2pi)2n
∫
L˜(a, b)ei(aQ+bP )dadb . (18)
The function L˜(a, b) is square-integrable function of real variables a and b. The function
L(a, b) is Fourier image of the operator symbol for L = L(x, ∂x). The set of bounded oper-
ators L(Q,P ) and their uniformly limits form the algebra A(M) of dynamical operators.
We can use the basis operators
VQP (a, b, Q, P ) = V (a, 0, Q, P )V (0, b, Q, P ) = e
iaQeibP .
which are analogous to Kirkwood basis [7]. This operator basis associate with the standard
ordering of operators Q and P . The operators VQP allow to write a dynamical operator
in the QP -form
L(Q,P ) =
1
(2pi)2n
∫
L˜(a, b)eiaQeibPdadb . (19)
This form is suitable for the classical systems.
5 Quantization of Basis Operators
To define the superoperator Lˆ which corresponds to operator L we need to describe Weyl
quantization of the basis operators Qk and P k. Let us require that the superoperators
Qˆk and Pˆ k satisfy the relations which are the quantum analogs to the relations for the
operators Qk and P k:
1. QˆkIˆ = xˆk; Pˆ kIˆ = 0ˆ.
2. Qˆk = Qˆk; Pˆ k = Pˆ k.
3. (QˆkAˆ)∗ = QˆkAˆ∗; (Pˆ kAˆ)∗ = −Pˆ kAˆ∗.
4. [Qˆk, Pˆm] = iδkmIˆ, [Qˆ
k, Qˆm] = 0ˆ; [Pˆ k, Pˆm] = 0ˆ; [Iˆ , Qˆk] = 0ˆ; [Iˆ, Pˆ k] = 0ˆ.
Superoperator Lˆ is called formally self-adjoint Lˆ = Lˆ, if the relation < LˆAˆ|Bˆ >=<
Aˆ|LˆBˆ > is satisfied. Here the scalar product < Aˆ|Bˆ > on the operator space M is
defined by
< Aˆ|Bˆ >≡ Sp[Aˆ∗Bˆ] .
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An operator space with this scalar product is called Liouville space [5, 6].
The Weyl quantization of operators Qk and P k is defined by Weyl quantization of
functions QkA(x) and P kA(x) for all A(x).
To quantize the operator P k we use the relation
{xm, A(x)} = Ψkk
′
∂kx
m∂k′A(x) ,
where ∂kx
m = δmk and ωkmΨ
mk′ = δk
′
k . Then
∂kA(x) = ωkm{x
m, A(x)} .
Quantization of the right-hand side of this formula leads to the expression
ωkm
1
ih¯
[xˆm, Aˆ(xˆ)] .
The operator Pˆ kAˆ is written in the form
Pˆ kAˆ(xˆ) = −ωkm
1
h¯
[xˆm, Aˆ(xˆ)] .
As a result, we obtain
Pˆ k = −ωkm
1
h¯
[xˆm, . ] = −ωkm
1
h¯
((xˆm)l − (xˆm)r) . (20)
In the usual notations xˆ2j−1 = qˆj and xˆ2j = pˆj this formula can be rewritten
Pˆ 2j−1 =
1
h¯
((pˆj)l − (pˆj)r) , Pˆ 2j = −
1
h¯
((qˆj)l − (qˆj)r) ,
where the left and right superoperators are defined by
(qˆj)lAˆ = qˆjAˆ , (pˆj)lAˆ = pˆjAˆ , (qˆj)rAˆ = Aˆqˆj , (pˆj)rAˆ = Aˆpˆj .
for all Aˆ ∈ Mˆ.
Let us quantize the operator Qk. It is known [1] that the Weyl quantization of the
expression xk ◦ A(x) leads to xˆk ◦ Aˆ(xˆ). Therefore superoperator Qˆk has the form
Qˆk = [xˆk, . ]+ =
1
2
((xˆk)l + (xˆk)r) , (21)
i.e. QˆkAˆ = xˆk ◦ Aˆ.
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It can be verified that for the superoperators Qˆk and Pˆ k defined by (20) and (21) the
commutation relations
[Qˆk, Pˆm] = iδkmIˆ , [Qˆ
k, Qˆm] = 0 , [Pˆ k, Pˆm] = 0 , (22)
are satisfied. To check these relations, we must express the superoperators Qˆk and Pˆ k via
superoperators (xˆk)l and (xˆk)r and use the commutation relations
[(xˆk)l, (xˆm)l] = ih¯ΨkmIˆ , [(xˆk)r, (xˆm)r] = −ih¯ΨkmIˆ , [(xˆk)l, (xˆm)r] = 0 , (23)
which follow from canonical commutation relations (8). Using relations (20) and (21), the
other relations for the superoperators Pˆ k and Qˆk can be easy to verified.
Weyl quantization of the operators (15) leads to the superoperators
Vˆ (a, b, Qˆ, Pˆ ) = exp{i(aQˆ + bPˆ )} . (24)
The relations (22) for Qˆk and Pˆ k leads to the relations:
Vˆ (a1, b1, Qˆ, Pˆ )Vˆ (a2, b2, Qˆ, Pˆ ) = Vˆ (a1 + a2, b1 + b2, Qˆ, Pˆ )exp{−
i
2
[a1b2 − a2b1]} , (25)
Vˆ †(a, b, Qˆ, Pˆ ) = Vˆ (−a,−b, Qˆ, Pˆ ) , Vˆ †(a, b, Qˆ, Pˆ )Vˆ (a, b, Qˆ, Pˆ ) = Iˆ . (26)
It allows to define superoperator Weyl algebra which is involute normed algebra. The
involution corresponds to conjugation (26). A superoperator norm [5, 6] defines the norm
of the algebra. The algebra Aˆ(Mˆ) of bounded dynamical superoperators can be defined
as C∗-algebra. It contains all superoperators Vˆ (a, b, Qˆ, Pˆ ) and it is closed for linear
combinations of Vˆ (a, b, Qˆ, Pˆ ) in superoperator norm topology.
The operator Qk realizes multiplication by xk in the Jordan algebra J(M). Therefore
the superoperator Qˆk realizes multiplication by the operator xˆk on the Jordan algebra
Jˆ(Mˆ). The operator P k represents multiplication by xk on the Lie algebra L(M) and
superoperator Pˆ k is multiplication by xˆk on the Lie algebra Lˆ(Mˆ). Therefore the Weyl
quantization of operators Qk and P k: is realized as a map of algebras of multiplication
operators which act on the Jordan and Lie algebras. Note that operators Qk, P k and
superoperators Qˆk, Pˆ k can be defined by
QkA(x) = gJord(x
k, A(x)) , P kA = gLie(x
k, A(x)) ,
QˆkAˆ = gˆJord(xˆ
k, Aˆ) , Pˆ kAˆ = gˆLie(xˆ
k, Aˆ) .
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6 Quantization of Operator Function
Let us consider the dynamical operator L = L(Q,P ) as a function of the basis operators
Qk and P k. Generalized quantization can defined as a map from dynamical operator space
A(M) to dynamical superoperator space Aˆ(Mˆ). The Weyl quantization of the symmetric
form of operator
L(Q,P ) =
1
(2pi)2n
∫
L˜(a, b)ei(aQ+bP )dadb , Qk = xk , P k = −i∂k ,
leads to the corresponding superoperator
Lˆ(Qˆ, Pˆ ) =
1
(2pi)2n
∫
L˜(a, b)ei(aQˆ+bPˆ )dadb , (27)
Qˆk =
1
2
((xˆk)l + (xˆk)r) , Pˆ k = −
1
h¯
ωkm((xˆ
m)l − (xˆm)r) .
If the function L˜(a, b) is connected with Fourier image A˜(a) of the function A(x) by
the relation
L˜(a, b) = (2pi)nδ(b)A˜(a) ,
then the formula (27) defines the canonical quantization of the function A(x) = L(Q,P )1
by the relation Aˆ(xˆ) = Lˆ(Qˆ, Pˆ )Iˆ. Here we use QˆkIˆ = xˆk and exp{iaQˆ}Iˆ = exp{iaxˆ}.
Therefore canonical quantization is a specific case of suggested quantization procedure. If
we use QP -form of the dynamical operator L = L(Q,P ), then the Weyl quantization of
L(Q,P ) =
1
(2pi)2n
∫
L(a, b)eiaQeibPdadb ,
leads to the superoperator
Lˆ(Qˆ, Pˆ ) =
1
(2pi)2n
∫
L(a, b)eiaQˆeibPˆdadb , (28)
Superoperators Qˆk and Pˆ k can be represented by (xˆk)l and (xˆk)r. Therefore the formula
(27) can be written in the form
Lˆ(xˆl, xˆr) =
1
(2pi)2n
∫
L˜(a′, b′)W l(a′, xˆ)W r(b′, xˆ)da′db′ . (29)
Here Wˆ l(a, xˆ) and Wˆ l(a, xˆ) are left and right superoperators corresponding to the Weyl
operator (2). These superoperators can be defined by
Wˆ l(a, xˆ) = Wˆ (a, xˆl) , Wˆ r(a, xˆ) = Wˆ (a, xˆr) .
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If the function L˜(a′, b′) of the superoperator (29) has the form
L˜(a′, b′) =
i
h¯
(H(a′)δ(b′)−H(b′)δ(a′)) ,
then quantum system is Hamiltonian system and Heisenberg equation has the usual form:
d
dt
Aˆt =
i
h¯
[Hˆ(xˆ), Aˆt] .
Here Hˆ(xˆ) is Hamilton operator defined by
Hˆ(xˆ) =
1
(2pih¯)n
∫
H(a′)Wˆ (a′, xˆ)da′ .
7 Explicit Formulas of Quantization
Let us derive a relation which represents the superoperator Lˆ(Qˆ, Pˆ ) by operator L(Q,P ).
We would like to find the analog of the relation (5) between an operator Aˆ(xˆ) and a
function A(x). In order to find the relation, it will be convenient to represent the Fourier
image of a function L˜(a, b) by the operator L(Q,P ).
Let us find the symbol of a dynamical operator L(Q,P ) by this operator. To simplify
formulas, we introduce new notations. Let Xs, where s = 1, ..., 4n, denote the operators
Qk and P k, where k = 1, ..., 2n, that is Qk = Xk and P k = Xk+2n, or
X2j−1 = qj , X2j = pj , X2j−1+2n = −i
∂
∂qj
, X2j+2n = −i
∂
∂pj
,
where j = 1, ..., n. Let us denote the parameters ak and bk, where k = 1, ..., 2n, by zs,
where s = 1, ..., 4n. Then the formula (18) can be rewritten by
L(X) =
1
(2pi)2n
∫
L˜(z)eizXdz .
The formula (27) for the superoperator Lˆ is written in the form
Lˆ(Xˆ) =
1
(2pi)2n
∫
L˜(z)eizXˆdz .
Let us consider the inverse Fourier transformation for the function L(z):
L(α) =
1
(2pi)2n
∫
L˜(z)eizαdz , L˜(z) =
1
(2pi)2n
∫
L(α)e−izαdα .
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Here L˜(z) is the Fourier image of the function L(α). Then operator L(X) can be written
by the Weyl symbol L(α) in the form
L(X) =
1
(2pi)4n
∫
L(α)eiz(X−α)dzdα . (30)
This formula is an analog of the formula (5). The generalized quantization of operators
Xs leads to the superoperators Xˆs. Therefore Weyl quantization of the operator (30)
leads to the superoperator Lˆ(Xˆ) which can be written
Lˆ(Xˆ) =
1
(2pi)4n
∫
L(α)eiz(Xˆ−α)dzdα . (31)
Let Lm(α), where m = 1 or 2, are the Weyl symbols of the operator Lm(X). Then
Lm(X) =
1
(2pi)4n
∫
Lm(α)e
iz(X−α)dzdα . (32)
Let us consider the trace Sp[L1(X)L2(X)] of the product of the operators Lm(X) and
find the Weyl symbol L2(α) of the operator L2(X). As follows from (31), we have
Sp[L2(X)L1(X)] =
1
(2pi)4n
∫
L1(α)Sp[L2(X)e
iz(X−α)]dzdα .
This relation can be compared with the well known formula for the trace of operator
product
Sp[L2(X)L1(X)] =
1
(2pi)4n
∫
L1(α)L2(α)dα .
We obtain the relation for the symbol L2(α) of the operator L2(X)
L2(α) =
∫
Sp[L2(X)e
iz(X−α)]dz .
The formula for the Weyl symbol L(α) of the operator L(X) has the form
L(α) =
∫
e−iz
′αSp[L(X)eiz
′X ]dz′ .
Next we substitute this symbol into the relation (31). As the result we obtain
Lˆ(Xˆ) =
1
(2pi)4n
∫
e−iα(z+z
′)eizXˆSp[L(X)eiz
′X ]dzdαdz′ . (33)
In the new notations, the operators V (a, b, Q, P ) are written as V (z,X) = exp{izX}.
If we use the superoperator Vˆ (z, Xˆ) = exp{izXˆ}, then the formula (33) can be rewritten
in the form
Lˆ(Xˆ) =
1
(2pi)4n
∫
e−iα(z+z
′)Vˆ (z, Xˆ)Sp[L(X)V (z′, X)]dzdαdz′ .
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8 Harmonic oscillator with friction
Let us consider n-dimensional linear oscillator with friction F jfric = −(γ/m)p
j . The time
evolution equation for this oscillator has the form
d
dt
qj =
1
m
pj ,
d
dt
pj = −(mω2qj +
γ
m
pj) .
The dynamical equation for the classical observable At(q, p) is written
d
dt
At(q, p) = L(q, p, ∂q, ∂p)At(q, p) .
Differentiation of the function At(q, p)) gives
dAt(q, p)
dt
=
∂At(q, p)
∂qj
dqj
dt
+
∂At(q, p)
∂pj
dpj
dt
=
=
1
m
pj
∂At(q, p)
∂qj
− (mω2qj +
γ
m
pj)
∂At(q, p)
∂pj
.
The dynamical operator L(q, p, ∂q, ∂p) is
L(q, p, ∂q, ∂p) =
1
m
pj
∂
∂qj
− (mω2qj +
γ
m
pj)
∂
∂pj
.
This operator is written in the QP -form
L(Q,P ) =
i
m
Q2jP 2j−1 − i(mω2Q2j−1 +
γ
m
Q2j)P 2j . (34)
Weyl quantization of the operator L = L(Q,P ) leads to superoperator
Lˆ(Qˆ, Pˆ ) =
i
m
Qˆ2jPˆ 2j−1 − i(mω2Qˆ2j−1 +
γ
m
Qˆ2j)Pˆ 2j . (35)
This superoperator can be written as
Lˆ(Qˆ, Pˆ ) =
i
2mh¯
[(pˆ2 +m2ω2qˆ2)l − (pˆ2 +m2ω2qˆ2)r] +
iγ
2mh¯
[(pˆqˆ)l − (pˆqˆ)r + qˆlpˆr − pˆlqˆr] .
As the result we have generalized Heisenberg equation
d
dt
Aˆt =
i
h¯
[Hˆ, Aˆt] +
iγ
mh¯
[pˆj , [qˆj, Aˆt]]+ ,
where
Hˆ =
1
2m
(pˆ2 +m2ω2qˆ2) .
13
9 Fokker-Planck-Type System
Let us consider Liouville operator Λ, which acts on the normed distribution density func-
tion ρ(q, p, t) and has the form of second order differential operator
Λ = dqq
∂2
∂q2
+ 2dqp
∂2
∂q∂p
+ dpp
∂2
∂p2
++cqqq
∂
∂q
+ cqpq
∂
∂p
+ cpqp
∂
∂q
+ cppp
∂
∂p
+ h . (36)
Liouville equation
dρ(q, p, t)
dt
= Λρ(q, p, t)
with operator (36) is Fokker-Planck-type equation. Weyl quantization of the Liouville
operator (36) leads to completely dissipative superoperator Λˆ considered in [4, 9, 5]. As
the result we have the quantum Markovian master equation for a matrix density operator
ρˆt. If h = −2(cpp + cqq), then this equation has the form
dρˆt
dt
= −
i
h¯
[Hˆ, ρˆt] +
i(λ− µ)
h¯
[pˆ, qˆ ◦ ρˆt]−
i(λ+ µ)
h¯
[qˆ, pˆ ◦ ρˆt]−
−
dpp
h¯2
[qˆ, [qˆ, ρˆt]]−
dqq
h¯2
[pˆ, [pˆ, ρˆt]] +
2dpq
h¯2
[pˆ, [qˆ, ρˆt]] . (37)
Here Hˆ is Hamilton operator which has the form
Hˆ =
1
2m
pˆ2 +
mω2
2
qˆ2 , (38)
where
m = −
1
cpq
, ω2 = −cqpcpq , λ =
1
2
(cpp + cqq) , µ =
1
2
(cpp − cqq) .
Here dpp, dqq, dpq are quantum diffusion coefficients and λ is a friction constant.
10 Conclusions
In this paper we suggest a generalization of Weyl quantization called dynamical quanti-
zation. It allows to derive dynamical superoperator from dynamical operator. The basis
formulas which define the suggested quantization are (27) and (33). Quantization of a
general dynamical operator for non-Hamiltonian system is described by suggested dy-
namical quantization. The suggested Weyl quantization scheme allows to derive quantum
analogs for the classical non-Hamiltonian and dissipative systems.
14
The dynamical quantization (27) and (33) map the operator L(q, p, ∂q, ∂p) which acts
by the functions A(q, p) to the superoperator Lˆ, which acts on the elements of operator
space. If the operator L is an operator L(q, p) of multiplication on the function A(q, p) =
L(q, p)1, then formula (33) defines the usual Weyl quantization of the function A(q, p) by
the relation Aˆ = LˆIˆ. Therefore the usual Weyl quantization procedure is a specific case
of suggested Weyl dynamical quantization.
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